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ABSTRACT 

We define rigorously a "treed" equivalence relation, which, intuitively, is an 
equivalence relation together with a measurably varying tree structure on each 
equivalence class. We show, in the nonamenable, ergodic, measure-preserving 
case, that a treed equivalence relation cannot be stably isomorphic to a direct 
product of two ergodic equivalence relations. 

O. Introduction 

Classically, ergodic theory has studied actions of the reals or of the 
integers on measure spaces. More recently, it has broadened to include actions 
of Lie groups, algebraic groups and discrete groups. The most recent trend 
[7, 8, 10, 12] has been to consider any kind of groupoid structure, where the 
unit space is a measure space. This includes equivalence relations on measure 
spaces (the case where the groupoid is principal), for which many of the 
fundamental techniques were developed in [4, 5, 6]. 

At a conference in Santa Barbara in the late 1970s, Alain Connes suggested 
the study of equivalence relations with an additional piece of data: a measur- 
ably-varying simplicial complex structure on each equivalence class (see 
[ 1, Definition 1.7]). In an earlier paper [1, Definition 1.5], we took up a special 
case of this, where the simplicial complex is a tree (see Definition 1.4 or 
[1, Definition 1.5]). The present paper continues the study of this special case. 

The simplest example of such a "treed" equivalence relation comes from 
considering the orbits of the action of a finitely-generated free group F acting 
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freely on a measure space. A tree structure is then obtained on each orbit by 
saying that two points x and y are "adjacent" if there is some generator g E F  
such that gx = y or gy -- x. The resulting tree is homogeneous, i.e., has a vertex 
transitive automorphism group. Thus, in a sense, treed equivalence relations 
are a groupoid analogue of free groups. In another sense (see [1, Example 
1.6.3]), treed equivalence relations are analogous to foliations by manifolds of 
negative curvature, in the same way as a homogeneous tree is analogous to 
hyperbolic space (see [9, Chapter II]). 

In this paper, we prove an analogue of  a theorem of  R. Zimmer  
[14, Theorem 1.4, p. 10] for the category of treed equivalence relations: 

THEOREM 4.1. Let R be a countable, nonamenable, measure-preserving, 
properly ergodic equivalence relation on a finite measure space M. Assume that 
(M, R) admits a treeing. Then R is indecomposable, i.e., there do not exist 
equivalence relations R, and R2 on measure spaces Ml and M2 such that R is 
stably isomorphic to RI X R2. 

Thus, excluding the amenable case (where there is a noticable lack of 
rigidity, by [15, Theorems 4.3.12 and 4.3.13, p. 82 and 4.3.1(i), p. 84]), any 
finite measure-preserving treeable equivalence relation is indecomposable. We 
note that there is overlap between Theorem 4.1 and [ 14, Theorem 1.1, p. 9]: In 
[14], if F is a free group on two generators (e.g., seen as a lattice in SL(2, R)), 
then the orbit structure on the resulting space S is treeable. So, in this case, 
either theorem will imply indecomposability. 

In w we recall the basic definitions regarding equivalence relations and 
treeings. We also state without proof  (but with references) any general results 
we will need. In w we prove the basic lemmas we will need. In w we develop 
a proof  of a theorem (Theorem 3.1) which is of independent  interest, although 
its statement is somewhat too complicated to introduce here. It is the main tool 
in the proof  of Theorem 4.1, which appears in w Also found in w is an 
application: 

COROLLARY 4.3. Let F be a (countable) discrete group. Assume that F is a 
nontrivial amalgam, i.e., that F = F~ *r, F2, where F3 is a proper subgroup of  
Fi and of  F2. Let L be an essentially free, properly ergodic F-space with 
finite invariant measure. Then the equivalence relation defined by the orbits o f f  
is indecomposable. 

It would be interesting to know if there is an elementary proof  of  this 
corollary which does not require the use of treed equivalence relations. 
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The techniques of this paper can be used to show that a treed equivalence 
relation admits no strongly normal subrelations, in the sense of [Feldman, 

Sutherland and Zimmer, Subrelations of ergodic equivalence relations, 
preprint]. 

The present work covers roughly one quarter of my doctoral dissertation at 
the University of Chicago under the direction of Robert J. Zimmer, whose 
guidance has been invaluable in the development of  these results. 

1. Basic definitions 

Some of the exposition in this section is taken verbatim from [1, w167 1-2]. 
All measures are assumed a-additive and a-finite. All Borel spaces are 

assumed to be standard. We define Z to be the integers, Z+ to be the positive 
integers and Z ~ to be the nonnegative integers. If S is any set, then we denote 
the number of elements in S by IS I. 

If R is an equivalence relation on a set X and x ~ X, then we denote the 
R-equivalence class o f x  by R(x). The R-saturation of a subset W c_ X is the 
union of all R-equivalence classes that intersect W. A set which is equal to its 
own R-saturation is said to be R-invariant. I fK  _ X and R is an equivalence 
relation on X then we denote R tq (K X K) by R I K. If Ri and R 2 are  

equivalence relations on sets X~ and X2, respectively, then we define the 
product equivalence relation Rl X R2 to  be the equivalence relation on Xi X X2 

defined by: ((xl, x2), (Yl, y2))~RI X R2 iff (xl, yl)ERl and (x2, y2)~R2 .  

If X is a locally compact topological space, then we define C(X) to be the 
Banach space of all continuous complex-valued functions on X vanishing at 
infinity, under the supremum norm. Let M(X) denote the set of all probability 
measures on X, viewed as a convex subset of the unit ball in the dual of C(X). 
If  X is compact, then M(X) is compact in the weak-, topology. 

I fB  is a (standard) Borel space, then let B .  denote the set of all subsets of B 
containing one or two points. We make B,  into a Borel space by indentifying it 
with B X B modulo interchange of coordinates. 

Let B be a Borel space and let R be an equivalence relation on B whose graph 
is a Borel subset of B X B and whose equivalence classes are countable. An 
automorphism of(B, R) is an automorphism f :  B -~B  of the Borel space B 
such that (x, y)ER =*(f(x), f(y))~R. We denote the group of all automor- 
phisms of (B, R) by Aut(B, R). A measure # on B is said to be R-quasi- 
invariant if the R-saturation of any/t-null set is again/~-null. A measure # on B 
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is said to be R-invariant if every automorphism of (B, R) leaves/~ invariant 
(see [4, Corollary l, p. 294]). 

Let M denote the measure space (B, g). A Borel equivalence relation R on M 
is said to be countable if a.e. equivalence class is countable. I f g  is R-quasi- 
invariant (resp. R-invariant), then we say that R is measure-preserving (resp. 
quasi-measure-preserving) on M. Assuming that R is countable and quasi- 
measure-preserving, then we say that (M, R) is an equivalence space. 

IfR is a Borel equivalence relation on a measure space M, then we say that R 
is ergodic if every R-invariant measurable subset of M is either null (measure 
zero) or conull (having complement of measure zero). If some equivalence 
class of R is conull, then we say that R is essentially transitive. I fR  is ergodic 
and not essentially transitive, then we say that R is properly ergodic. 

If (MI, R1) and (M2, R2) are equivalence spaces, then we say that they are 
isomorphic if there exists a measure class preserving Borel isomorphism from 
MI to M2 such that for a.e. equivalence class C Of Rl, we have that f(C) is an 
equivalence class of M2. (Throughout this work, W e will say that some property 
holds "for a.e. equivalence class" if the union of equivalence classes where it 
holds is a conull set.) 

Now assume that (MI, R1) and (M2, R2) are equivalence spaces with RI and 
R 2 properly ergodic. Then we say that (MI, R0 and (M2, R2) are stably 
isomorphic if there exist Borel sets P1 and/'2 of positive measure in MI and M2, 
respectively, such that (Pt, RI I P1) and (P2, R21 P2) are isomorphic. 

If (M, R) is an equivalence space, and G is a topological group, then a 
measurable map a : R - ' G  is called a cocycle if, for a.e. x ~ M ,  for all 
y, z ER(x), we have a(x, y)a(y, z) = a(x, z). 

We now define amenability of an equivalence space as in [ 1 l, Definition 3.1, 
p. 27]: Let E be a separable Banach space and let a:R--'Iso(E) be a 
measurable cocycle, where Iso(E) denotes the topological space of all isometric 
automorphisms of E with the strong operator topology. (We will denote the 
action of Iso(E) on E on the right.) Let a* : R ~ Iso(E*) denote the adjoint 
cocycle, a*(x, y) := (a(x, y)*) -1. A mapping x ~--~Ax which associates to each 
x ~ M  a weak-, compact, convex subset Ax of the unit ball o rE*  is said to be 
Borelif{(x, a )~M X E* I a ~A~} is a Borel subset o f M  X E*. It is said to be 
a*-invariant if, for a.e. x EM, for all y ER(x), A~a*(x, y )=A  r We will 
commonly denote x ~--~ Ax by (Ax)xe M. 

DEFINITION 1.1. Let (M, R) be an equivalence space. Let a : R - * I s o ( E )  
be a measurable cocycle, and let (Ax)x~u be an a*-invariant Borel field of 
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weak-, compact, convex subsets of  the unit ball of  E*. Then the ordered pair 

(a, (Ax)x~M) is called an a~ne space over (M, R ). 

A measurable mapping f :  M ~ E *  is said to be a section of (Ax)x~M if 

f(x)EAx, for a.e. x ~ M .  A section f i s  said to be a*-invariant (or, simply 

invariant) if, for a.e. x E M ,  for all y ER(x), we havef(x)a*(x, y) = f(y). 

DEFINITION 1.2. We say that an equivalence space is amenable if any 
atfine space over it has an invariant section. 

For more information on amenability and its properties, see [15, w 

especially pp. 82-84]. 

All trees are assumed to have countable vertex and edge sets. (For the basic 

terminology concerning trees, we cite [9].) Let ~//denote the tree with infinitely 

many vertices, and infinitely many edges belonging to each vertex. We call this 

the universal tree. A tree is said to be locally finite if every vertex belongs to 

only finitely many edges. If T is a tree, then we denote the vertex set and 

(undirected) edge set of  T by F(T) and E(T), respectively. If, in addition 

v~ F(T), then we denote the set of  edges in T belonging to v by Er(v). If 

v, w ~ F(T), then we let @r(V, w) denote the ordered sequence of  vertices along 

the geodesic from v to w. 
Let T be a tree with distance function d:  V(T) • V(T)--, Z ~ . If v~  V(T), 

n E Z~ then we let St(v, n) :--- {w E V(T) [ d(v, w) = n }. We define the ends oJ 
T as in [9, Exercise 1, pp. 20-21 ]. We denote the topological space of  ends of T 

by OT. For any v, w ~ V(T), we define O~Tto be the set of  all ends in Twhose 
geodesic to v passes through w. Similarly, we define V~(T) to be the set of 

vertices in T whose geodesic to v passes through w. 
We define (non-standard) the trunk vertices of T to be the collection of 

vertices of Twhich lie on a geodesic connecting two ends. The trunk of Tis the 
subtree of T whose vertex set consists of  the trunk vertices of T. 

Next, we head toward the definition of a "treed equivalence space", which is 

the basic object of  study in this work. As a first approximation, we define a 

"graphed equivalence space": 

DEFINITION 1.3. Let (M,R) be an equivalence space. A graphing oJ 
(M, R) is a symmetric relation S c R on B such that S is a Borel subset of 

M X M. We then say that (M, R, S) is a graphed equivalence space. 

(Generally, S is neither reflexive nor transitive; it is not an equivalence 

relation.) 
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We will abuse notation and use R (x) to refer also to the graph with vertex set 
R(x) and directed edge set S • [R(x) • R(x)]. 

The following definition makes rigorous what is meant  by "measurably 
putting a tree structure on each equivalence class" of  an equivalence relation. 

DEFINITION 1.4. Let (M, R,  S) be a graphed equivalence space. If  for a.e. 
xEM, the graph R(x) is a locally finite tree (i.e., it is connected with no 
circuits, cf. [9, Definition 6, p. 17]), then we say that S is a treeing of(M, R) or 
that (M, R, S) is a treed equivalence space. 

For standard examples of  treed equivalence spaces, we refer to [ 1, Examples 
1.6.1-1.6.4]. 

I f v ~  V(T), then we call lEt(v)[ the valence ofv. I f x  ~ M ,  then we define the 
S-valence ofx to be the valence o f x  as a vertex in the tree R(x). 

Let (M, R, S) be a treed equivalence space and let M1 c_ M b e  a Borel subset. 
Let R~ :=  R [M1. We define a subset S~ _c S M (M~ X M~) by letting S~ be the 
totality of all (x, y)~R~ such that the geodesic (in the tree R(x)) from x to y 
does not pass through any vertices inside MI, except for x and y. We call S~ the 

restriction of S to M~ and denote S~ by S IMp. 
Let (M, R,  S) be a treed equivalence space. Let M0 be the set consisting of  

those x ~ M  such that x is a trunk vertex of the tree R(x). Then M0 is a 
measurable subset of M and we call (M0, R I M  o, S IM0) the trunk of 
(M, R, S). It is again a treed equivalence space. 

Next we restate the definition of a simplification (see [1, Definition 2.1]). 
The point of w of [ l ]  was to prove the existence simplifications. We recall the 
statement of that theorem as well. 

Recall that ~//denotes the universal tree. By abuse of notation, we will also 
use V(~/) to denote the measure space of counting measure on the set V(~//). 

DEFINITION 1.5. Let (M, R, S) be a treed equivalence relation and let 
D _ M X V(~//) be measurable. Let �9 : D --- M be a measurable map. Assume, 
for every x~M,  that Dx:= (~v'E V(alI)[(x, "tr)~D} is the set of vertices 
of  some locally finite subtree of 0//. By abuse of notation, we will denote 
this subtree by Dx as well. Assume further, for a.e. x~M,  that the map 
r --~v-> r ~r) is a tree isomorphism from Dx to R(x). Then we say that 
(D, r is a simplification of(M, R, S). If  there exists ~0E V(~//) such that 
r ~0) = x, for a.e. x E M ,  then we say that (D, tl)) is level at ~o. 

Note that, in the following definition, the action of Aut(M, R) on M is 

denoted as a right action. 
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DEFINITION 1.6. Let (D, ~)  be a simplification of a treed equivalence 
space (M, R,  S). Let ~0E V(~). Let a : R - - A u t ( ~ )  be a cocycle. Then we say 
that a is compatible with (D, r if, for a.e. x E M ,  for all y E R ( x ) ,  for all 

"V E Dx, we have "Va(x, y) E Dy and ~y('f'c~(x, y)) --- ~x('V). 

THEOREM 1.7. Let (M, R, S) be a treed equivalence space and let "f'oE 

V(~). Then there exists 
(1) a simplification (D, ~)  of(M, R, S) which is level at ~o and 
(2) a cocycle a : R --" Aut(~)  which is compatible with (D, ~). 

PROOF. See [1, end of w QED 

2. Lemmas 

In this section we develop the lemmas that will be needed for the proof  of the 

main theorem. 
A Borel equivalence relation A on a measure space M is called recurrent if, 

for every P c__ M of  positive measure, for a.e. x E M ,  then R(x) n A is either 
empty or infinite. It is well-known that a properly ergodic equivalence relation 

is recurrent. 
In the following, we use the notation A (x) to denote the A- equivalence class 

o f x  (cf. w 

LEMMA 2.1. Let P be a second countable topological space, A a quasi- 
invariant recurrent Borel equivalence relation on a measure space M. Let 
s: M--)P be measurable. Then, for a.e. x E M ,  there exists a sequence oJ 
distinct points Xl, x2 . . . .  CA (x) \ {x ) such that s(x~), s(x2) , . . .  -" s(x). 

PROOF. Let ~' be a countable base for the topology of P. For U ~ q t ,  let Zu 
denote the union of all the R-equivalence classes which meet s - I(U) in a finite 
non-empty set; Zu is null. Let Z :  = U ue ,  Zv. Then M \ Z consists of points for 

which the conclusion holds. QED 

The following is well-known, and, in fact does not require G to be dis- 
crete. We will be using it, however, so we provide a proof  for the reader's 

convenience. 

LEMMA 2.2. Let M be a measure space and G a (countable) discrete 
amenable group. Assume that G acts on M and that the action is quasi-measure- 
preserving. (That is, G X M ~ M is measurable and any element o f  G carries 
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null sets to null sets.) Then the equivalence relation defined by the orbits of  G is 
amenable. 

PROOF. Let R denote the equivalence relation defined by the orbits of G. 
Let (a, (Ax)xeu) be an attine space over (M, R), where a:M-*Iso(E) ,  for a 

separable Banach space E. Let S denote the space of sections over (a, (Ax)xEU) 
viewed as a weak-, compact, convex subset of the unit ball in L~(M, E*) ~-- 
LI(M, E)*. Then G acts on S by (sg)(x) = s(xg-l)a*(xg -~, x). By [15, Pro- 
position 4.1.4, p. 60], we find that G has a fixed point So in S. The section So is 
easily seen to be a*-invariant. QED 

LEMMA 2.3. Let (M ~, R) be an equivalence space. Denote the measure on M 
by ~. Assume that R is measure-preserving. Let A, B C_ M be measurable 
subsets, and let f : A---*B be a measurable map which respects R,  i.e., which 

satisfies (x , f (x  ) ) ~ R ,for a .e. x CA. Assume that f is essentially surjective , i.e., 
that B \ f (A)  is null. Then It(A) > g(B). I f  It(A) = It(B), then f is essentially 

injective, i.e., If-l({y})l = 1,for a.e. y ~ B .  

PROOF. By changing A and B by sets of measure zero, we may assume that 
A and B are Borel. By a measurable selection theorem [2, Theorem 3.4.3, 
p. 77], there exists a measurable map s:B--*A such thatf(s(y)) = y, for a.e. 
y ~B.  Removing sets of measure zero from A and B, and restrictingfand s to 
the new versions of A and B, we may assume (bystandard measure-theoretic 
techniques) that s is Borel and that f ( s ( y ) ) = y  for all y EB.  The map s is 
clearly injective and respects R, so, by [4, Corollary 1, p. 294], we have that 
g(s(B)) = It(B). But s(B ) C_ A, so It(A) > It(B). 

With the additional assumption that It(B) = g(A), we conclude that s(B) --- 
A modulo null sets. Since f Is(B) is injective, we conclude that f ]  (.4 \ Z )  is 
injective, where Z is the R-saturation of A \ s(B). QED 

LEMMA 2.4. Let R be a measure-preserving Borel equivalence relation on a 
finite measure space M. Assume that R is properly ergodic on M and that a.e. R- 
equivalence class is countable. Then there exists an equivalence subrelation 
A c_ R such that A is properly ergodic on M and such that A is amenable. 

PROOF. By [4, Theorem 1, p. 291], there exists a countable group G of 
automorphisms of (M, R), such that the orbits of G are a.e. the equivalence 

classes of M. By [15, Proposition 9.3.2, p. 170], there exists a countable, 
properly ergodic, amenable group H of automorphisms of M such that every 
orbit of H lies in an orbit of G. Let A be the subrelation of R defined by the 
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orbits of H. By Lemma 2.2, A is amenable. QED 

LEMMA 2.5. Suppose S is a treeing of the equivalence space (M, R ). For 
a.e. x ~ M ,  assume that the tree R(x) has one or two ends. Then (M, R) is 
amenable. 

PROOF. This is a special case of [1, Theorem 5.2]. QED 

L~MMA 2.6. Let A and B be amenable equivalence relations on measure 
spaces L and M. Then the product relation A • B on L X M is again amenable. 

PROOF. It is possible to prove this lemma in a straightforward way from 
the defintions; however, using [3], there is the following trivial proof: 

Choose (by [3]) an action of Z on L such that the orbits are a.e. the 
equivalence classes of A. Similarly choose a Z-action on M for B. Then the 
product (Z X Z)-action on L • M has the equivalence classes of A • B as its 
orbits. By Lemma 2.2, A • B is amenable. QED 

LEMMA 2.7. In the properly ergodic case, amenability is an invariant of 
stable isomorphism. That is: Suppose that (L, Q) and (M, R) are equivalence 
spaces with Q and R properly ergodic. Assume that (L, Q) and (M, R) are stably 
isomorphic. Then (L, Q) is amenable if and only if(M, R) is amenable. 

PROOF. This is well-known and can be established from the definitions, but 
we again give a quick proof using advanced tools. 

It suffices to show that if (M, R) is a properly ergodic equivalence space and 
if P c M is a Borel subset of positive measure, then R is amenable ,=, R [ P is 
amenable. 

(=*) Supposing that R is amenable, then, by [3], there exists a Z-action on 
M whose orbits are the equivalence classes of R. Since Z is the free group on 
one generator, this yields a treeing of  (M, R), where the a.e. tree is the 
homogeneous tree with two edges belonging to each vertex. Call this tree the 
integer tree and call the treeing S. Then the restriction S [ P of S to P (see w 1, 
the remarks following Definition 1.4) is a treeing of(P, R ] P) in which a.e. tree 
is the integer tree, hence has two ends. Then, by Lemma 2.5, we are done. 

( ~ )  Now suppose that R [P is amenable and let (a, (Ax)x~) be an affine 
space over (M, R). Upon restriction to P, we can use amenability of R I P to 
find an (a I (R [ P))*-invariant section s over P. By [4, Theorem 1, p. 291], 
there exists a countable subgroup G __. Aut(M, R) whose orbits are the equiva- 
lence classes of R. Let g~, g2, �9 - �9 be a listing of the elements of G. By ergodicity 
of R it follows that, for a.e. x E M ,  there exists g~G such that xg~P; let 
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ix :=  min{i I xg, ~P}. Define So(X) :=  s(xg~x)a*(xgi x, x). It is straightforward 
to check that So is an a*-invariant section. QED 

Say that an equivalence space (M, R) is treeable if it admits a treeing. It is 

not a priori clear that there are equivalence spaces that are not treeable; in a 

future paper, we intend to show that an equivalence space with Kazdan's 

property (T) is not treeable. Further, the present paper shows that a product of  

two equivalence spaces is not treeable (assuming proper ergodicity and 

measure-invariance), see Theorem 4.2. However, the following lemma can be 

used to show that a wide variety of equivalence spaces are treeable. 

LEMMA 2.8. In the finite measure-preserving and properly ergodic case, 
treeability is an invariant of stable isomorphism. That is: Suppose that (L, Q) 
and (M, R) are stably isomorphic equivalence spaces with Q and R properly 
ergodic and measure-preserving. Suppose further that the measures on L and on 
M are both finite. Then there exists a treeing for (L, Q) if  and only i f  there exists 
a treeing for (M, R). 

PROOF. It is enough to show: Let (M, R) be an equivalence space, and 

assume that M is a finite measure space and that R is properly ergodic and 

measure preserving. Let P c M be a Borel subset of  positive measure. Then 

(M, R) admits a treeing ~ (P, R, P) does. 

( ~ )  Let S l : = { ( x , y ) ~ S [ x , y ~ P } .  Note that a.e. equivalence class 

R(x) n P becomes a forest under the adjacency defined by $1. We proceed to 

connect up the trees in a.e. forest. 
For each z ~ M \ P, let A~ denote the set of  points in P which are adjacent to z 

under S. Note that a.e. A~ is finite, so we may choose a linear ordering of a.e. Az 
in a way which varies measurably in z. Let $2 denote the set of(x ,  y)EP • P 
such that, for some z E M \ P ,  we have that x, y EA~ and that x and y are 

consecutive in the ordering on Az. 
For each z E M \ P let Bz denote the set of  points in P which are a distance 

one or two away from z in the tree R(z). Then a.e. Bz is a finite disjoint union of  

totally ordered finite sets chosen from the A~'s. We extend the total ordering so 

that any two elements of  Bz which were consecutive before remain consecu- 

tive. Again, we choose this extended total ordering so that it varies measurably 

in z. Let $3 denote the set of(x,  y ) E  P X P such that x and y are consecutive in 

some B~. 
Next, we let C~ denote the points in Pwhich are distance < 3 from z. A.e. Cz 

is a finite disjoint union of totally ordered finite sets chosen from the Bz's. We 
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perform another measurable extension of  the total ordering preserving conse- 

cutiveness from the previous stage. Let $4 denote the set of (x, y) such that x 
and y are consecutive in some Cz. 

Continuing in this way, we form an increasing sequence S~, $2, . . . .  Let 
S '  :=  Ui S;. Then it is straightforward to verify that S'  gives a treeing of 

(P,R [P). 
( ~ )  Now assume that there exists a treeing S of (P ,  R [ P). By [4, Theorem 

l, p. 291], there exists a countable subgroup G _ AuI(M, R) whose orbits are 
exactly the equivalence classes of  R. Let g~, g2,. �9 �9 be a listing of the elements 

of  G. Let # denote the measure on M.  
By quasi-invariance, for a.e. x E M  \ P, there exists g E G such that xg ~ P; 

we define ix :=  rain { i [ xgi ~ P }. Let S "  = S U { (x, xg~,), (xg~, , x ) [ x ~ M \ P }. 
This is easily seen to define a tree-structure on a.e. R(x), but we are again faced 
with the problem of showing that this tree structure is locally finite, for a.e. 
x ~ M. So assume for a contradiction that there exists a Borel set Q c_ P of 
positive measure such that every x 6 Q  is S'-adjacent to infinitely many 
elements of M k P .  Let Mx :=  {y ~ M k P  [ (x, y)ES '} ,  for x E Q. For x ~ Q, 
inductively define 

i~ :=  min{i [xg~EMx}, 

i~ +~ :---min(i [xg~eM~,xg, § xg,;,. . . ,xgi § xgi~} ( j - -  1,2,. . .) .  

Then xg~, xgi~,.. ,  are the distinct elements of Mx. Let Qj :=  (xg~; [ x E Q }. 
Since R is measure-preserving and since x~--~xg~,: Q---Qj is essentially 
injective, essentially surjective and respects R,  it follows from [4, Corollary 1, 
p. 294] that/~(Qj) =/z(Q),  f o r j  = 1, 2 , . . . .  Further, it is easy to see that the 
sets Q~, Q2,. �9 �9 �9 are pairwise disjoint. This clearly contradicts the assumption 
that  M has finite measure. QED 

Recall f rom w that ~//denotes the universal tree and that  ~ denotes the 
Borel space of  all subsets of 0~/which contain either one or two ends of  ~ .  

Let S be a treeing of the equivalence space (M, R). Assume that M is a finite 
measure space and that R is properly ergodic and measure-preserving. Let 
(D, ~)  be a simplification of (M, R) which is level at some vertex "C0 ~ V(~/) 
and let a : R --- Aut(~//) be a compatible cocyle. (See Definitions 1.5 and 1.6 and 
Theorem 1.7.) We will frequently denote a measurable map x ~--~ F~ : M ~ O ~  
by (Fx)x~M. Note that  the action of Aut(~ on ~ induces a (right) action of 
Aut(#/) on o1~,. We say that (Fx)xe~, is a-invariant if: for a.e. x ~ M ,  for all 
y ER(x) ,  we have Fxa(X, y) ffi Fy. 
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TrIEOR~M 2.9. Let M, R, S, D, ~, ~o, a be as above. Assume that there 
exists an a-invariant system (F~)xeu C_ owl (see definition above) such that 
F~ c_ ODx, for a.e. x ~M. Then (M, R) is amenable. 

PROOF. Case 1. For x in a set of positive measure, I F~I = 2. Since 
x ~ I Fx I: M ~ { 1, 2} is measurable and is constant on R-equivalence classes, 
it follows from ergodicity that IF~I = 2, for a.e. x E M .  For those x E M ,  let 
C~ __. D~ denote the set of all vertices in ~ on the geodesic joining the two 
points in the set Fx. Now let C c M be defined by 

c := {xs  l  oSCx). 

Then the a-invariance of (Fx)xeu implies that C = I,.)xe~ ~x(Cx) modulo null 
sets. This shows that C meets a.e. equivalence class, so that C has positive 
measure, by R-invariance (in fact, by R-quasi-invariance) of the measure on 
M. Recall (w 1, remarks after Definition 1.4) that S ] C denotes the restriction 
of S to C. Now S I C is a treeing of(C, R I C) in which each vertex is adjacent 
to exactly two other vertices in a.e. (R ] C)-equivalence class. This implies 
that, under S I C, a.e. equivalence class of R I C becomes a tree with exactly 
two ends. Then l_emma 2.5 implies that (C, R ] C) is amenable. And Lemma 
2.7 then implies that (M, R) is amenable. 

Case 2. For a.e. x ~ M ,  IFxl = 1. Let C denote the totality of all x E M  
such that the tree R (x) has one or two ends. This is an R-invariant measurable 
subset of M, so is either null or conull. By Lemma 2.5 it is enough to show that 
C is conull. So assume for a contradiction that C is null, i.e., that a.e. R(x) has 
> 3 ends. Replacing (M, R, S) by its trunk (see w the remarks before 
Definition 1.3), we may assume that a.e. tree R(x) has no pending vertices and 
that a.e. tree R(x) contains a vertex of valence > 3. (A pending vertex is a 
vertex of valence 1; valence is defined in w in the remarks following 
Definition 1.4. It is an easily proved fact that any tree with _->_ 3 ends must 
contain a vertex of valence > 3.) Let X denote the elements of M of S-valence 
> 3. Since X meets a.e. R(x), it follows from R-invariance (indeed, from 
R-quasi-invariance) of the measure on M that X has positive measure. 

Forx ~ M ,  let Ex ~Oq/be the unique element of Fx, let ~rx denote first vertex 
after ~0 on the geodesic from ~0 to Ex and let f(x) :=  ~x (~ ) .  Then f :  M---M 
is easily seen to be measurable. Since there are no pending vertices, it follows 
that f is  essentially surjective (i.e., that f(M) is conull). In addition, f respects R 
(i.e., for a.e. x E M :  (x, f(x))ER). Thus Lemma 2.3 implies t h a t f  is essen- 
tially injective (i.e., that If-~({x })l -- 1, for a.e. x UM). 
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Let x E X .  Then ~0 = ~-1 (x) has valence > 3 in the tree Dx, so there exist 
three vertices in Dx adjacent to ~0. At least two of them, say v and w, cannot lie 
on the geodesic from u to Ex. From a-invariance of (F~)~eM, it follows that 

f (~x(V)) = f(O~(w)) = x.  So If -  ~(x) I > 1, for every x E X. As X has positive 
measure, this contradicts essential injectivity off .  QED 

3. The two point support theorem 

Let A be a recurrent (defined at the start of w amenable subrelation of a 
countable, properly ergodic, measure-preserving equivalence relation R on a 
finite measure space M. Let S be a treeing ofR.  As in Definitions 1.5 and 1.6 
and Theorem 1.7, let (D, ~) be a simplification of(M, R, S), level at a vertex 
~0E V(q/), with compatible cocycle a. We will refer to a measurable map x 
gx : M---- M(0q/) as a measures-section ifgx is supported in ODx, for a.e. x ~ M .  
We will commonly denote X ~ # x  by (g~)xeM. We say that (g~)~eM is a- 
invariant if #~a(x, y) = gy, for a.e. x ~ M ,  for all y ~ R ( x ) .  (We are, as usual, 
denoting the natural action of Aut(q/) on o'~ and on M(0q/) as a right action.) 

Recall from w 1 that 0q/. denotes the Borel space of all one point or two point 
subsets of the boundary ~ of q/. There is a natural (right) action of Aut(q/) 
on 0qt.. 

THEOREM 3.1. In the above setting, there exists a unique measurable 

map x ~ Fx : M ---, Oql. such that: 

(1) Fx c_ ODx,fora.e.  x G M .  

(2) I f  (ltx)xe M is an a I A-invariant measures-section, then #x is supported on 

Fx, for a .e. x ~ M ; and 

(3) There exists an a [A-invariant measures-section (g~ such that the 

support of/t ~ is Fx, fOr a .e. x E M.  

Theorem 3.1 and its proof are adapted from a result of Zimmer: 
[12, Theorem 3.7, p. 50]. Before starting the proof, we will establish two 
lemmas. 

LEMMA 3.2. Suppose that al, a2 . . . .  EAut(q/). Fix ~ E V(qt) and assume 

that there exists F , G ~ O q l  such that ~e'a~,~ra2 . . . .  --)F and such that 

~V'a~-1, ~ra2 ~ . . . .  -" G. Then, for  all K E O~II \ {G}, Kal, Ka2 . . . .  --, F. 

Recall from w that O,,~,q/ (resp. Vww,(T)) means the set of ends (resp. 
vertices) of T whose geodesic to ~ passes through ~/". 
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PROOF. Let U be any neighborhood of  F in ~//; we intend to show that 

Kai ~ U, for large i. 

Let ~ = ~0, ~l, ~ . . . .  be the vertices on the geodesic from ~v" to F and let 

= ~0, ~v'-l, ~v'-2, . . .  be the vertices on the geodesic from ~V to G. Since 

K § G, it follows that the geodesics from Sr to G and to K can only share 

finitely many vertices; say they share I. Choose m a positive integer such 

that OVm_ iVmall C_ U. For sufficiently large i, we will have 

(1) ~/~ai ~ V~,_,~/m(~//); and 

(2) ~a~ -~ ~ V,: ,_ ,#- t -m-~(*) .  
It suffices to show that, for such i, Ka~ ~ U. 

So fix such an i. Then, by (2), the geodesics from Wa~- 1 to ~ and to K must 

share ~ - i - , ,  . . . . .  W_I (and possibly more), so they share > m + 1 vertices. 

Translating by a~, we find that the geodesics from # to Wai share > m + 1 

vertices. Thus, by (1), they must share ~0, ~ , . . . ,  Win- But then Ka~ E 

OVm _ lVm~ll C_ U. QED 

�9 For the next theorem, we fix some notation and definitions. We say that a 

sequence of automorphisms a~, a2 . . . .  E Aut(a//) is unbounded if, for some (or, 

equivalently, any) vertex # ~  V(~//), we have d ( ~ ,  Wa~)-- oo as i -~ oo, where 

d denotes the distance function in */. (We are here using a right action to 

denote the natural action of Aut(~//) on the vertices V(o//) of  ~/.) 

Suppose that a~, a2, . . .~Aut(~ is such an unbounded sequence and 

that ~ E V(a//). For n a positive integer, and for i sufficiently large (depending 

on n), the geodesic (a,(W, #a~) from ~ to Wa~ has length > n, so it makes 
sense to refer to the nth vertex on that geodesic. We define the n-shadow about 

(with respect to al, a2, . . . )  to be U i ~  [Su(~//', n) ~ (a~(~, = ~V'ai)]. (Recall 
from w that S,(~tr, n) denotes the n-sphere about ~v" in o//, i.e., the set of  

vertices in ~//of distance exactly n from ~/'.) 

LEMMA 3.3. Suppose that a~, a2 . . . .  is an unbounded sequence o f  auto- 
morphisms o f  ~ Let lZ, v~M(O~ be probability measures with compact 

support and assume that Izai ~ v as i ---" oo. Then v is supported on one or two 

points o f  OT. 

PROOF. Fix a vertex ~ ~ V(~//) and let ~ : =  Wa~, for i = 1, 2, . . . .  Let d 

denote the distance function between vertices in 0//. 

Note that the theorem is obvious if/z is supported on one point. So we may 

assume that there exist two distinct vertices W~, W~2~ V(~//) such that 

/z(0~,r~*/) > 0 for k = 1, 2. Let m :-- max{d(~V', # k )  I k = 1, 2}. Note that 
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(O,,(~, "///~) and (~,,(~, ~2) share < m vertices. For k -- 1, 2, let/Zk denote the 

restriction of/~ to 0~.,~ L e t / h : = #  - / h - / z : .  These are not probability 

measures, but they are finite, compactly supported measures on 0~ 

We claim, for all n -- 1, 2 . . . . .  that the n-shadow (see remarks preceding 

this theorem) about ~ is finite. Suppose for a contradiction otherwise. Then we 

may pass to a subsequence and assume that the geodesics from ~r to 

intersect the n-sphere about ~r in a distinct sequence of points "f~/, for 

i = 1, 2 . . . . .  Let i ~ Z +  be large enough that d ( ~ ,  ~ )  _-> m + n. Since the 

geodesics (r and (r share < m  vertices and since 

d(~t/~, ~ )  > m + n, it follows that one of  these two geodesics, say the kth, 

diverges from (#.,(~, ~ )  before reaching ~/r/. Then /Zka; is supported 

on E~ :=  0~r~rP,/. 

Passing to a subsequence again, and possibly switching gl and g2, we may 

assume that gla~ is supported on E~, for i = 1, 2 . . . . .  It is straightforward to 

show, for any compact set E _ 0~ that E n E~ = ~ ,  for i sufficiently large. 

This then implies that #la~ ~ 0 weak-,. Then v = lim~_~(g~ + #2 + #3)a~ cannot 

be a probability measure. This is the contradiction which establishes the claim. 
The claim shows that the sequence ~ ,  ~ . . . .  lives in a locally finite subtree 

of  ~/. By unboundedness, it leaves compact sets, so we may pass to a 

subsequence and assume that ~ ,  ~ . . . .  -~F,  for some F E o ~ .  Since 

a~ -~, a 2 ~ , . . ,  is also unbounded, we may repeat the above argument and 
assume that ~e'a~-i, ~V-a2-1 . . . .  -~ G, for some G E0q/. 

Lemma 3.2 immediately proves (by standard compactness arguments) that 
if  K _  0 ~ \ { G }  is compact and if U _  o'~ is an open neighborhood o f F ,  
then Kai c_ U, for all sufficiently large i. 

Next we claim that if/z({G}) = 0, then v({F})= 1. Given e > 0 and a 
neighborhood U of F, it suffices to prove that v ( U ) >  1 - e .  Since 

v(U) = lim~_| lz(Ua[ -~ ), it then suffices to show that l~(Ua[ -I ) > 1 - e, for 

sufficiently large i. Since/z is compactly supported, there exists a compact set 

K _ 0q / \  {G} such that/l(K) > 1 - e. Now apply the statement of  the preced- 

ing paragraph, proving the claim. 
So we may assume that/z({G}) > 0. Write/z --c,/z I + c2/z 2, where c~, c2 are 

scalars, where/~1 is supported on {G}, where/F({G}) = 0 and where ill and 

/~2 are both compactly supported probability measures on 0q/. Since v = 

lim~_| ~ + c2#2)a~ is a probability measure, it is impossible that/z'a~-~ 0 
(weak-.) as i --- ~ .  We thus conclude that it is impossible that Ga~ ~ oo.  So we 

may pass to a subsequence and assume that Ga~ converges, say to G'. Then/z~a~ 
tends toward a point mass at G' and, by the preceding claim,/tea~ tends toward 



Vol. 64, 1988 TREED EQUIVALENCE RELATIONS 377 

a point mass at F. Consequently, v is supported on {F, G'}, and the lemma is 
proved. QED 

We will not require this, but Lemma 3.3 and its proof  are both valid upon 
replacing o//by any tree. We can now give: 

PROOF OF THEOREM 3.1. First, we claim that every a I A-invariant 
measures-section is a.e. supported on one or two points. So let (g:,)x~M be 
aA-invariant.  Let x ~ M  be generic. (That is, all statements made about x in 
the remainder of this paragraph are claimed to hold for a.e. x E M . )  By Lemma 
2. l, there exists a sequence xt, x2, . . .  CA(x)\  {x} of distinct points such that 
gx, -~g as i ~ oo. Since the xi are distinct, it follows that the sequence 9xl(Xi) 
leaves compact (i.e., finite) sets in Dx. Since the subtree D~ of q/ is  locally finite, 
we see that ~ -  1 (x~) eventually leaves any ball in ~ about ~0. This and the fact 
that ~-~(xi)  = -t oa(X~, x) implies that a(xl, x), a(x2, x) . . . .  is an unbounded 

sequence of automorphisms of the tree R(x). So a(x, x~), a(x, x2),.., is also 
unbounded.  Now gxa(X, x~)=gx,-~gx as i ~ ~ ,  so, by Lemma 3.3, gx is 
supported on one or two points. Thus the claim is proved. 

Now let ~ denote the measure algebra of sets modulo null sets in M. 
Inclusion modulo null sets gives a partial ordering on ~ .  With respect to this 
ordering, all strict chains are countable (because there are no uncountable, 
pairwise-disjoint collections of  sets of  positive measure). 

Let ~ __c_ ~ denote the set of all B E ~ such that, for some a [ A-invariant 

measures-section (gx)xeM, B C_ {x~MI  Supp(gx)l = 2} modulo null sets. In 
this case, we will call B a two-set for (gx)xeM. Note that if B, C E ~ l  are two-sets 
for (gx)xeM, (Vx)xeM, respectively, then B A C is, by the above claim, a two-set 
for x~--,(l/2)(gx + v~), so ~ l  is closed under  finite union. In fact, by taking 
weighted averages, ~ is closed under countable union. Since all strict chains 
are countable, we may apply Zorn's lemma to conclude that ~ contains a 
maximal element. In fact, since ~ is closed under finite union, this maximal 
element must  be unique. Call it B ~ 

By definition of  ~1, there exists an a ] A-invariant measures-section, say 

(g~ such that B ~ is a two-set for (gx~ By maximality, B ~ 
{x M] ISupp(g~ =2}, modulo null sets. Now let F~ '=Supp (#~  for 
x E M. Then conclusions (1) and (3) of Theorem 3.1 are immediate.  

To prove (2), let (#x)xeu be an a [ A-invariant measures-section. For x E M, 
let v~ :=  (1/2)(g~ +/1o). Let B :=  {x E M  I I Supp(v~) I -- 2}. By maximality of  
B ~ we have B c_ B ~ modulo null sets. Let x E M be generic. (That is, all 
statements made about x in the rest of this paragraph are claimed to hold for 
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a.e. x ~ M . )  We wish to show that Supp(gx)__ Supp(g~ since the latter of  

these two sets is exactly Fx. In the case where vx is supported on one point of  
tgql, this point must support both gx and go, so we are done. By the claim made 

above, the only other possibility is that Vx is supported on two points, which we 

now assume. Then x E B __ B ~ so gO is supported on two points. But then 

Supp(gx)C_ Supp(g~ since, otherwise, the support of  Vx =(1/2)(gx +go) 
would include three points. So we are done. QED 

4. Proof of the main theorem 

In this section, we prove the main theorem of this paper: 

THEOREM 4.1. Let R be a countable, nonamenable, measure-preserving, 
properly ergodic equivalence relation on a finite measure space M. Assume that 
(M, R) admits a treeing. Then R is indecomposable, i.e., there do not exist 
equivalence relations R~ and R2 on measure spaces Mt and M2 such that R is 
stably isomorphic to RI X R2. 

PROOF. It is well-known and easy to prove that the existence of  an 

invariant measure is an invariant of  stable isomorphism. Thus we see that R I 

and R2 must be measure-preserving. Next, for i = 1, 2, replace Mi by a subset 

of  finite, positive measure, whereupon we may assume that the measures on 
M~ and on ME are both finite. 

Since we are working in the finite measure-preserving, properly ergodic case, 

we know from Lemmas 2.7 and 2.8 that amenability and treeability are 
invariants of  stable orbit equivalence. Thus Theorem 4.1 follows from 
Theorem 4.2 below. QED 

THEOREM 4.2. Suppose that L and M are finite measure spaces. Let 
Q (resp. R) be countable, properly ergodic, measure-preserving equivalence 
relations on L (resp. M). Assume that Q • R is nonamenable. Then 
(L • M, Q x R) does not admit a treeing. 

PROOF. Recall from w that i fB is a Borel space, then B .  denotes the Borel 

space of  all subsets of  B containing one or two points. Let q/ denote the 

universal tree. As usual, we denote the actions of Aut(ql) on V(~/), on ~ and 

on Oq/. all as right actions. Let Dx :=  ((x, x) I x E L  } be the diagonal relation 

on L. Similarly, let Dr :=  {(y, y) I Y E M ) .  
Assume for a contradiction that there exists a treeing S of (L • M, Q x R). 

Using Theorem 1.7, we may choose a simplification ( D , ~ )  of 
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(L • M, Q • R, S) which is level at some vertex ~0 ~ V(q/) and a cocycle 
a : Q • R ~ Aut(~ which is compatible with (D, q)). By Lemma 2.4, there 
exist properly ergodic, amenable subrelations A _  Q, B _  R. Then, by 
Lemma 2.6, A •  is amenable. Let (x,y)~-.-~Ftx,y):L • be the 
o~l(A• map determined by Theorem 3.1. Note that 
(x, y)~--~Ftx,y) is then a I (Dx X B)- and a [ (A • Dv)-invariant. Note further 
that Dx • B and A • Dr are recurrent subrelations of Q • R. 

Let g EAut(L, Q). Then (x, y)~--~Ftxg-,,y)a((xg-~, y), (x, y)) also satisfies the 
conditions (1)-(3) of Theorem 3.1 (after replacing A in that theorem by 
the subrelation Dx • B). By the uniqueness assertion in that theorem, it 
follows that 

Ftx,y) = F~-,x.y)a((xg-l, y),(x, y)), 

for a.e. ( x , y ) E L X M ,  for all g~Aut (L ,Q) .  Let G C_Aut(L,Q) be a 
countable subgroup whose orbits are the equivalence classes of Q (see 
[4, Theorem 1, p. 291 ]). For g ~ G, let Zg c_ L • M be the set of (x, y) ~ L • M 
such that the above equation fails. Let Z : =  UgeoZg; Z is null. Then 
((x, y), (x', y))E Q • Dr implies 

Fr = Fr y), (x, y)), 

provided (x, y )~  Z. We conclude that (x, y)~Fr is a [ (Q • Dr)-invariant. 
By a similar argument, (x, y)~F~x.y) is a I (Dx • R)-invariant. These two 

statements together imply that (x, y)~F~x,y) is a-invariant. By Theorem 2.9, 
we see that Q • R is amenable. This contradicts an hypothesis of the present 
theorem. QED 

COROLLARY 4.3. Let F be a (countable) discrete group. Assume that F is a 
nontrivial amalgam, i.e., that F = F~ *r, Fs, where F3 is a proper subgroup of 
F~ and ofF2. Let L be an essentially free, properly ergodic F-space with finite 
invariant measures. Then the equivalence relation defined by the orbits ofF is 
indecomposable. 

PROOF. Let R denote the equivalence relation defined by the orbits of F. 
Let M2 denote the measure space with two points in it, each with measure 112. 
Let Rs := Ms • )1'12 denote the transitive equivalence relation on M2. 

Let T be the tree associated with the amalgam F =  F~ "1-, F2, as in 
[9, Theorem 7, p. 32]. This tree has infinitely many ends and admits a F-action 
with a fundamental domain containing exactly two vertices. Using the treed 
bundle construction of [ 1, Example 1.6.2], we obtain a treed equivalence space 
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(M, R, Q) where M : =  L Xr I/(T). By this construction, a.e. R(x) is isomor- 
phic to T, which has more than two ends. Also, (M, R) is isomorphic to 
(L • M2, R • R2), so M has a finite R-invariant measure. By [ 1, Theorem 5.1], 
it then follows that (M, R) is not amenable. Then, by Theorem 4.1, (M, R) is 
indecomposable. Since (M, R) is isomorphic to (L • M2, R • R2), it follows 
that (L, R) is stably isomorphic to (M, R). Indecomposability is, by definition 
(see Theorem 4.1), an invariant of stable isomorphism, so we see that (L, R) is 
indecomposable, as asserted. QED 
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